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2approach. First, depending on the decay rate of the excited atomic level, the photon emission will not be instantaneous
but will take some time, thus leading to a delay compared to some \ideal" arrival time of the atom. Second, the
laser takes some time to pump the atom from its ground-state to an excited state, and therefore this also leads to a
delay. Conceivably, the second objection might be overcome by progressively increasing the laser intensity, and the
rst objection by considering shorter life times so that in a theoretical limit one would arrive at an \ideal" quantum
arrival time without the above shortcomings. Attractive though this seems at rst sight, it does not work, as will be
shown in this paper. The reason is a further diÆculty { reection. Although the laser couples only to the internal
degrees of the atom, it will be seen that there is a nonzero probability for the atom to be reected from the laser
region without ever emitting a photon. Nevertheless, there is a way out of these diÆculties, with a surprising result.
The idea is to \subtract" the delays from the rst-photon probability density by means of a deconvolution with an
atom at rest. This results in a distribution which, for shorter and shorter life time of the atomic level, converges to
an unexpected distribution { namely to J
 
, the quantum mechanical probability ux. The probability distribution
for the rst photon is non-negative and the emergence of possible small negative values is due to the deconvolution
procedure. This connection to J
 
opens a way, to our knowledge for the rst time, to measure the quantummechanical
probability ux.
For simplicity, this paper considers only the one-dimensional case. The probability density for the emission of the
rst photon from a moving atom is calculated explicitly by means of the quantum jump approach [19]. It is shown
that large laser intensities lead to a large reection probability. This in turn leads to a large non-emission probability
and a rst-photon probability density not normalized to 1. Then the problem of reection versus time delay is
discussed. Reducing the laser intensity leads to a pumping delay. It is shown that trying to reduce the emission delay
by shortening the level lifetime leads in the limit to a free wave packet in the ground-state with no emissions. The
delays are then removed by a deconvolution, and we discuss for which parameters the resulting expression is close
to its \ideal" limit J
 
. For more practical purposes it is also shown that for a certain domain of parameters, which
include those used in Ref. [18], the non-deconvoluted rst-photon probability density gives a good approximation to
J
 
and to Kijowski's axiomatic arrival time distribution. However, it is also pointed out that Kijowski's distribution
cannot be obtained in a simple direct way as an exact limit of our operational approach.
II. THE PROBABILITY DENSITY FOR THE FIRST PHOTON
The Hamiltonian of a two-level atom of mass m, interacting with the quantized electromagnetic eld E and a laser
with (classical) eld E
L








































Let an atomic state j	(t
0
)i be prepared at time t
0
. By means of the quantum jump approach [19] the atomic time












with the photon part traced away. In the interaction picture with respect to the internal HamiltonianH
A
one has in























where the Rabi frequency 
 / d E
(0)
L






is the laser wave vector, and where  is the Einstein coeÆcient of level 2, i.e. its decay rate or inverse life time.
3One can show that Eq. (4) includes the Doppler eect, i.e. the laser driving depends on the atomic velocity through
a frequency shift. The probability, N
t
, of no photon detection from t
0




















For simplicity, we only consider the corresponding one-dimensional problem, with the laser perpendicular to the






































To obtain the time development of a general wave packet under H
c
we rst solve the eigenvalue equation
H
c























































We now look for eigenstates of H
c
which correspond to a ground-state plane wave coming in from the left. Then k as



















; x  0; k > 0; (12)




are reection amplitudes yet to be determined. Note that although
E = E
k
is real the complete wave functions will not be orthogonal, in accordance with the non-hermiticity of H
c
.
To obtain the form of 
k















corresponding to the eigenvalues 
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. Note that j

i are not orthogonal and have not been
normalized. For x  0, one can write 
k
as a superposition of j
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; x  0: (15)


































> 0 for boundedness. From the continuity of 
k

































Similar relations result from the continuity of 
0
k
(x) at x = 0, yielding
C
+



































where the common denominator D is given by



































































is obtained from this by taking limits. For later purposes we also consider increasingly large , the






=2 ! 0; (20)

 


































In this case the state vector for x > 0 becomes simply the plane wave with wave number k in the ground state. This
means that for increasing  there is less and less reection, but also less and less absorption, i.e. photon detection, so
that the laser has less and less eect on the atom.
At rst sight the occurrence of reections may seem surprising since the laser only couples to the internal degrees
of the atom and since H
c
only applies to the time development before the rst photon detection. Physically this can
be understood from the coupling of the atom to the quantized electromagnetic eld. The laser changes the internal
state, this in turn changes the quantized electromagnetic eld and its momentum distribution. This in turn changes
the momentum distribution of the atomic motion. Mathematically the reason is of course the step function in front of
the matrix, similar as for a square-well potential. The consequences of the nonzero reection will be discussed further
below.
By decomposing an initial state as a superposition of eigenfunctions one obtains its conditional time development.












 (k) denotes the momentum amplitude the wave packet would have as a freely moving packet at














describes the conditional time development of a state which in the remote past behaves like a wave packet in the
ground-state coming in from the left.
5III. THE REFLECTION PROBLEM AND THE NO-DETECTION PROBABILITY














































The probability of no photon detection at all is, for t
0












For physical reasons, only  
(1)
contributes to this, and only for x < 0. The latter follows from the fact that, for x > 0,
the ground-state part will eventually be pumped by the laser to the excited state. Since t =1 in Eq. (31), only the
















As a consequence, (t) is in general not normalized to 1. Physically the probability for missing an atom increases
with 
, the strength of the laser driving. This is also seen mathematically from the expression for R
1
in Eq. (17).
An example is given in Section V (cf. Fig. 4 further below) and a practical approach to bypass this problem is also
discussed there.
On the other hand, for k ! 1 reection becomes negligible since then R
i
! 0. Hence for faster atoms reection
does not pose a problem. This will also be exploited for practical purposes in Section V.
IV. DELAYS VERSUS REFLECTIONS AND AN IDEALIZED DISTRIBUTION
The approach to quantum arrival times by means of rst-photon detections contains a built-in \delay" since an
excited atom will not emit a photon immediately, due to the nite decay rate . This is in addition to the time the
photon takes to reach the detector; the photon travel time, however, can easily be taken into account, so it will not
be considered here any further.
It seems natural to try to obtain an ideal arrival-time distribution by considering faster and faster decay times, i.e.
taking  !1, at least theoretically. This will not work, however. The reason is that for increasing , with all other
parameters kept xed, the driving by the laser becomes less eÆcient so that, in the limit  ! 1, the wave packet
remains unaected, with no excitation and no reection, as can be seen from Eqs. (20) - (26) above. Moreover, if both
 and 
 go to innity with =
 kept xed, then R
1
!  1 and everything is completely reected without excitation
[20].
One might also be tempted to avoid reection by choosing weak driving, 
=  1. This, however, would cause
a severe delay problem since the laser would take more time to pump the atom to the excited state. Hence the
rst-photon emission would also take more time. To see how relevant detection delays are, we have compared (t)
with the ux J
 
and the axiomatic probability distribution 
K
(t) of Kijowski for a Gaussian wave packet. The result
is given in Fig. 1. Depending on the parameters, the delay and reection problem may be either very relevant or
negligible. A detailed analytic investigation of this question is given in Section V.
A way out of the conicting problems of reection (missed atom) and increasing delay times for weaker driving is
the transition from the \experimental" (t) to an idealized arrival-time distribution, obtained as follows. A two-level
atom at rest, when driven by a resonant laser, has a denite probability density, W (t), for the detection of the rst




























FIG. 1: Time-of-arrival distributions: Flux J (solid line, here indistinguishable from Kijowski's 
K
) and  (rst photon, dots).
Note the delay in . The initial state is a minimum-uncertainty-product Gaussian for the center-of-mass motion of a single
Cesium atom in the ground state with hvi = 9:0297 cm/s, hxi =  1:85 m, and x = 0:26 m.; 
 = 0:0999; all gures are





















Intuitively, the delay-time mechanism for a moving atom ought to be similar to that for an atom at rest. Should it
then not be possible to somehow compensate the delay in (t) by that of the atom at rest and thus arrive, in some
limit, at a delay-free ideal distribution? To achieve this, we assume the (experimental) arrival-time distribution (t)
to be the convolution of a hypothetical ideal distribution, 
id




The delay in  is then mainly due to that contained in W .
The hypothetical ideal distribution 
id











































































































7In the time domain this gives

id













In the limit of no reection, for  ! 1, the delay problem pointed out above for  should be absent for 
id
. In






large . Furthermore, R
2
! 0 for  ! 1, and since e
 iqx
! 0 in Eq. (36) the integral over x  0 goes to zero.


















drop out. For  !1 one has, from Eqs. (20)
and (26), C
+


































































































































 (0; t) 
0
(0; t)   
0
(0; t) (0; t)
o
;
which is the ux J
 
for the free wavefunction  (x; t) at x = 0, i.e. without laser [22].
This is an extremely interesting result since J
 
is a natural candidate for the arrival-time distribution, as pointed out
in the Introduction. We note that J
 
is normalized to 1 for a particle which has only positive momentum components.
This is seen for example from Eq. (42) for  = 0.
The limit in Eq. (43) means that 
id
can be approximated by J
 
for suÆciently large . Physically, it is important
to determine the parameter ranges for which this approximation is a good one. For this to be valid a simple suÆcient





 1 (weak driving) and
makes the corresponding approximations in 
id















), one then considers the case   E=h and E=h 

2
=. Then one obtains that

id
is close to J
 




=  E=h  (45)
Thus 
id
can be replaced by J
 
if these inequalities are satised. Even outside this parameter range, J
 
may be an
excellent approximation to 
id




shows that also 
id
may contain
small negative values. Since this occurs neither for  nor for W , the intuitive ansatz of Eq. (35) cannot always be
fullled with a strictly positive distribution. The reason for this clearly is that the ansatz of a convolution in Eq. (35)
is too simple and ought to be replaced by something more sophisticated. On the other other hand, this result gives a
handle at the quantum mechanical probability ux and indicates a method how to measure it.
The above deconvolution procedure which recovers the quantum mechanical particle ux essentially works because
the weak-excitation limit taken allows a clear separation of (1) the time dependence associated with the motion of the
wavepacket, and (2) the time dependence associated with the internal degrees of freedom (excitation, Rabi oscillation,
and decay). It seems reasonable that this might be done. However, the weak-excitation limit implies that the waiting
times for the rst scattered photon are of the order =

2
and therefore very long. Hence the number to be measured
is essentially to be obtained from the subtraction of two very large numbers. Experimentally this is a diÆcult thing
to do with high accuracy and requires small measurement errors. For practical purposes it is therefore important to
know when delays and reections can be safely neglected, since then the transition to 
id
by deconvolution is not



















FIG. 2: Excellent agreement between 
id
(lled circles) and J (solid line); deviations from 
K
(dotted line) and  (dot-dashed






) of two Gaussian states for the center-of-mass




= 0:021 m, and average
velocities hvi
1
= 18:96 cm/s, hvi
2
= 5:42 cm/s) at x = 0 and t = 2 s; 
 = 0:37.
V. PARAMETER RANGES WITH NEGLIGIBLE DELAY AND REFLECTION.
In the case of weak driving, 
 , the excited state population is negligible compared to that of the ground state.



















. For strong driving, 
 , the reection coeÆcients take a simple form when the energy E
of the plane wave satises
E  h
: (47)























Both coeÆcients are small if Eq. (47) holds.
To quantify the detection delay, let us dene 
d















[23]; we note that the \average arrival time" at x = 0 evaluated
with the ux at x = 0, hti
J
coincides with the average of Kijowski's distribution [1, 7]. For negligible reection,






























) dx. Hence, in the case of negligible reection the delay is associated with
the amount of penetration of the wave into the laser region. For weak and strong driving a straightforward calculation









 2= (strong driving); (51)











FIG. 3: Negligible delay and reection with Eq. (53):  (rst photon, dots) and J
 
(solid line, here indistinguishable from

K
) for initial Gaussian parameters hvi = 90:30 cm/s, hxi =  218:02 m, x = 26:46 m; 
 = 5.
It is interesting to note, and physically very reasonable, that this coincides with the average time between two photon
emissions for a two-level atom at rest, driven by a resonant laser, as easily seen from Eq. (33). If t denotes the
width of (t), then one needs 
d
 t for the delay to be negligible.
If one denotes by
e
E the average energy for wave packets that are sharply peaked in energy or, more generally, as
















 2=  t (strong driving): (53)
Fig. 3 shows a striking example for which these conditions are fullled. Here the rst-photon distribution  is
indistinguishable from J
 
and from Kijowski's distribution.
For strong driving the delay due to the time needed for pumping the atom to an excited level is small, but on the
other hand there is a large probability to miss out the atom altogether if the condition E  h
 is not fullled. As a









). For practical purposes this can be amazingly eÆcient in some parameter




, which in this example has no
negative parts, coincide beautifully. Interestingly, one notices a small dierence to Kijowski's distribution. It might
also be possible to use the general normalization procedure in terms of operators proposed in Ref. [24].
VI. CONCLUSIONS
In this paper, we have investigated a proposal to determine arrival times of quantum mechanical particles. The
proposal is based on the intuitive idea to illuminate the arrival region by a laser and to consider a traveling two-level
atom. The time of the rst emitted photon is then taken as a measure for the arrival time. By repeating the experiment
one obtains a probability density, (t), for the time of the rst photon. We have discussed for the one-dimensional
case in what way (t) can be regarded as an atomic arrival-time distribution. Restrictions arise from reections and
delays. Reections originate from the interaction with the laser and delays from the time needed for the pumping
and the ensuing photon emission. The natural idea that an ideal or an axiomatically proposed distribution might
be obtained from (t) in the limit of a very strong or very weak laser and very large Einstein decay coeÆcient of
the excited level has turned out not to be true. However, and this is a main theoretical result of the paper, one
can subtract the delay by a deconvolution with the rst-photon probability density for an atom at rest and then,
surprisingly, for larger and larger Einstein coeÆcient one obtains the quantum mechanical probability current J as
the limit distribution. This quantity J has previously been considered on axiomatic grounds as a candidate for the
arrival time distribution, and the connection of (t) with J indicates, to our knowledge for the rst time, a way
10

















FIG. 4: Improvement by normalization: 
N
(white circles) right on top of J
 
(dashed line); also shown 
K
(solid line) and
 (lled circles). The initial Gaussian wave packet is chosen to become minimal when its center arrives at x = 0 (in the absence




; hvi = 0:9 cm/s, x = 0:106 m, 
 = 3.
to measure the quantum mechanical probability ux. We have also determined parameter domains for which the
deconvoluted expression is already suÆciently close to J . Although the non-deconvoluted (t) is not the same as J
and the axiomatically proposed distribution of Kijowski, it can, for experimental purposes, approach the latter two
suÆciently closely. Parameter domains for which this holds have been explicitly determined; this is another main
result of the paper, more of a practical nature.
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